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1. Introduction
When generating musical sound on a digital computer, it is important to have a good model whose
parameters provide a rich source of meaningful sound transformations. Three basic model types are in
prevalent use today for musical sound generation: instrument models, spectrum models, and abstract
models. Instrument models attempt to parametrize a sound at its source, such as a violin, clarinet, or
vocal tract. Spectrum models attempt to parametrize a sound at the basilar membrane of the ear,
discarding whatever information the ear seems to discard in the spectrum. Abstract models, such as
FM, attempt to provide musically useful parameters in an abstract formula.
This article addresses the second category of synthesis techniques: spectrum modeling. The main
advantage of this group of techniques is the existence of analysis procedures that extract the synthesis
parameters out of real sounds, thus being able to reproduce and modify actual sounds. Our particular
approach is based on modeling sounds as stable sinusoids (partials) plus noise (residual component),
therefore analyzing sounds with this model and generating new sounds from the analyzed data. The
analysis procedure detects partials by studying the time-varying spectral characteristics of a sound and
represents them with time-varying sinusoids. These partials are then subtracted from the original
sound and the remaining “residual” is represented as a time-varying filtered white noise component.
The synthesis procedure is a combination of additive synthesis for the sinusoidal part, and subtractive
synthesis for the noise part.
This analysis/synthesis strategy can be used for either generating sounds (synthesis) or transforming
pre-existing ones (sound processing). To synthesize sounds we generally want to model an entire
timbre family, i.e., an instrument, and that can be done by analyzing single tones and isolated note
transitions performed on an instrument, and building a data base that characterizes the whole
instrument or any desired timbre family, from which new sounds are synthesized. In the case of the
sound processing application the goal is to manipulate any given sound, that is, not being restricted to
isolated tones and not requiring a previously built data-base of analyzed data.
Some of the intermediate results from this analysis/synthesis scheme, and some of the techniques
developed for it, can also be applied to other music related problems, e.g., sound compression, sound
source separation, musical acoustics, music perception, performance analysis,... but a discussion of
these topics is beyond the current presentation.

2. Background
Additive synthesis is the original spectrum modeling technique. It is rooted in Fourier’s theorem
which states that any periodic waveform can be modeled as a sum of sinusoids at various amplitudes
and harmonic frequencies. Additive synthesis was among the first synthesis techniques in computer
music. In fact, it was described extensively in the very first article of the very first issue of the
Computer Music Journal (Moorer, 1977).
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In the early 1970s, Andy Moorer developed a series of analysis programs to support additive
synthesis. He first used the “heterodyne filter” to measure the instantaneous amplitude and frequency
of individual sinusoids (Moorer, 1973). The heterodyne filter implements a single frequency bin of the
Discrete Fourier Transform (DFT), using the rectangular window. The magnitude and phase derivative
of the complex numbers produced by the sliding DFT bin provided instantaneous amplitude and
frequency estimates. The next implementation (Moorer, 1978) was based on the Digital Phase
Vocoder (Portnoff, 1976). In this system, the fast Fourier transform (FFT) was used to provide,
effectively, a heterodyne filter at each harmonic of the fundamental frequency. The use of a non
rectangular window gave better isolation among the spectral components.
The main problem with the phase vocoder was that inharmonic sounds, or sounds with time-varying
frequency characteristics, were difficult to analyze. The FFT can be regarded as a fixed filter bank or
“graphic equalizer”: If the size of the FFT is N, then there are N narrow bandpass filters, slightly
overlapping, equally spaced between 0 Hz and the sampling rate. In the phase vocoder, the
instantaneous amplitude and frequency are computed only for each “channel filter” or “bin.” A
consequence of using a fixed-frequency filter bank is that the frequency of each sinusoid is not
normally allowed to vary outside the bandwidth of its channel, unless one is willing to combine
channels in some fashion which requires extra work. (The channel bandwidth is nominally the
sampling rate divided by the FFT size.) Also, the analysis system was really set up for harmonic
signals⎯you could analyze a piano if you had to, but the progressive sharpening of the partials meant
that there would be frequencies where a sinusoid would be in the crack between two adjacent FFT
bins. This was not an insurmountable condition (the adjacent bins could be combined intelligently to
provide accurate amplitude and frequency envelopes), but it was inconvenient and outside the original
scope of the analysis framework of the phase vocoder.
In the mid eighties Julius Smith developed the program PARSHL for the purpose of supporting
inharmonic and pitch-changing sounds (Smith and Serra, 1987). PARSHL was a simple application of
FFT peak-tracking technology commonly used in the Navy signal processing community (General
Electric, 1977; Wolcin 1980a; 1980b; Smith and Friedlander, 1984). As in the phase vocoder, a series
of FFT frames is computed by PARSHL. However, instead of writing out the magnitude and phase
derivative of each bin, the FFT is searched for peaks, and the largest peaks are “tracked” from frame to
frame. The principal difference in the analysis is the replacement of the phase derivative in each FFT
bin by interpolated magnitude peaks across FFT bins. This approach is better suited for analysis of
inharmonic sounds and pseudo-harmonic sounds with important frequency variation in time.
Independently at about the same time, Quatieri and McAulay developed a technique similar to
PARSHL for analyzing speech (McAulay and Quatieri, 1984; 1986). Both systems were built on top
of the short-time Fourier transform (Allen, 1977).
The PARSHL program worked well for most sounds created by simple physical vibrations or driven
periodic oscillations. It went beyond the phase vocoder to support spectral modeling of inharmonic
sounds. A problem with PARSHL, however, is that it was unwieldy to represent noise-like signals
such as the attack of many instrumental sounds. Using sinusoids to simulate noise is extremely
expensive because, in principle, noise consists of sinusoids at every frequency within the band limits.
Also, modeling noise with sinusoids does not yield a flexible sound representation useful for music
applications. Therefore the next natural step to take in spectral modeling of musical sounds was to
represent sinusoids and noise as two separate components (Serra, 1989; Serra and Smith, 1990).
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3. The Deterministic plus Stochastic Model
A sound model assumes certain characteristics of the sound waveform or the sound generation
mechanism. In general, every analysis/synthesis system has an underlying model. The sounds
produced by musical instruments, or by any physical system, can be modeled as the sum of a set of
sinusoids plus a noise residual. The sinusoidal, or deterministic, component normally corresponds to
the main modes of vibration of the system. The residual comprises the energy produced by the
excitation mechanism which is not transformed by the system into stationary vibrations plus any other
energy component that is not sinusoidal in nature. For example, in the sound of wind-driven
instruments, the deterministic signal is the result of the self-sustained oscillations produced inside the
bore and the residual is a noise signal that is generated by the turbulent streaming that takes place
when the air from the player passes through the narrow slit. In the case of bowed strings the stable
sinusoids are the result of the main modes of vibration of the strings and the noise is generated by the
sliding of the bow against the string, plus by other non-linear behavior of the bow-string-resonator
system. This type of separation can also be applied to vocal sounds, percussion instruments and even
to non-musical sounds produced in nature.
A deterministic signal is traditionally defined as anything that is not noise (i.e., an analytic signal, or
perfectly predictable part, predictable from measurements over any continuous interval). However, in
the present discussion the class of deterministic signals considered is restricted to sums of quasisinusoidal components (sinusoids with slowly varying amplitude and frequency). Each sinusoid
models a narrowband component of the original sound and is described by an amplitude and a
frequency function.
A stochastic, or noise, signal is fully described by its power spectral density which gives the expected
signal power versus frequency. When a signal is assumed stochastic, it is not necessary to preserve
either the instantaneous phase or the exact magnitude details of individual FFT frames.
Therefore, the input sound s( t ) is modeled by,

[

R

]

s(t ) = ∑ Ar (t ) cos θr (t ) + e(t )
r =1

where Ar ( t ) and θ r ( t ) are the instantaneous amplitude and phase of the r th sinusoid, respectively,
and e(t ) is the noise component at time t (in seconds).
The model assumes that the sinusoids are stable partials of the sound and that each one has a slowly
changing amplitude and frequency. The instantaneous phase is then taken to be the integral of the
instantaneous frequency ωr ( t ) , and therefore satisfies

θr ( t ) = ∫0 ω r (τ )dτ
t

where ω ( t ) is the frequency in radians, and

r is the sinusoid number.

By assuming that e(t ) is a stochastic signal, it can be described as filtered white noise,

e(t ) = ∫ h(t , τ )u(τ ) dτ
t

0

where u(t ) is white noise and h( t , τ ) is the response of a time varying filter to an impulse at time t .
That is, the residual is modeled by the convolution of white noise with a time-varying frequencyshaping filter.
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This model has problems with sounds that include “noisy partials” (for example, produced by a
modulation). We have found this type of component, which is in between a deterministic and a
stochastic signal, in the higher partials of vocal sounds, in some string sounds, specially when they
have vibrato, and in the sound of metal plates, like a crashed cymbal. Due to these problems, the
assumed separation between deterministic and stochastic components of a sound is rarely a clear one
and the implementation of this process should be flexible enough to give the user some control over
how it is done.

Figure 1: Block diagram of the analysis process.

4. General Diagram of the Analysis/Synthesis Process
The deterministic plus stochastic model has many possible implementations and we will present a
general one while giving indications on variations that have been proposed. Both the analysis and
synthesis are frame based processes with the computation done one frame at a time. Throughout this
description we will consider that we have already processed a few frames of the sound and we are
ready to compute the next one.
Fig. 1 shows the block diagram for the analysis. First, we prepare the next section of the sound to be
analyzed by multiplying it with an appropriate analysis window. Its spectrum is obtained by the Fast
Fourier Transform (FFT) and the prominent spectral peaks are detected and incorporated into the
existing partial trajectories by means of a peak continuation algorithm. The relevance of this algorithm
is that it detects the magnitude, frequency and phase of the partials present in the original sound (the
deterministic component). When the sound is pseudo-harmonic, a pitch detection step can improve the
analysis by using the fundamental frequency information in the peak continuation algorithm and in
choosing the size of the analysis window (pitch-synchronous analysis).
The stochastic component of the current frame is calculated by first generating the deterministic signal
with additive synthesis, and then subtracting it from the original waveform in the time domain. This is
possible because the phases of the original sound are matched and therefore the shape of the timedomain waveform preserved. The stochastic representation is then obtained by performing a spectral
fitting of the residual signal.
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Figure 2: Block diagram of the synthesis process.
In Fig. 2 the block diagram of the synthesis process is shown. The deterministic signal, i.e., the
sinusoidal component, results from the magnitude and frequency trajectories, or their transformation,
by generating a sine wave for each trajectory (i.e., additive synthesis). This can either be implemented
in the time domain with the traditional oscillator bank method or in the frequency domain using the
inverse-FFT approach.
The synthesized stochastic signal is the result of generating a noise signal with the time-varying
spectral shape obtained in the analysis (i.e., subtractive synthesis). As with the deterministic synthesis,
it can be implemented in the time domain by a convolution or in the frequency domain by creating a
complex spectrum (i.e., magnitude and phase spectra) for every spectral envelope of the residual and
performing an inverse-FFT.

5. Magnitude and Phase Spectra Computation
The computation of the magnitude and phase spectra of the current frame is the first step in the
analysis. It is in these spectra that the sinusoids are tracked and the decision takes place as to whether a
part of the signal is considered deterministic or noise. The computation of the spectra is carried out by
the short-time Fourier transform, STFT, technique (Allen, 1977; Serra, 1989).
The control parameters for the STFT (window-size, window-type, FFT-size, and frame-rate) have to
be set in accordance with the sound to be processed. First of all, a good resolution of the spectrum is
needed since the process that tracks the partials has to be able to identify the peaks which correspond
to the deterministic component. Also the phase information is particularly important for subtracting
the deterministic component to find the residual; we should use an odd-length analysis window and
the windowed data should be centered in the FFT-buffer at the origin in order to obtain the phase
spectrum free of the linear phase trend induced by the window (“zero-phase” windowing). A
discussion on windows is beyond this article, Harris (Harris, 1978) gives a good introduction on this
topic.
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Figure 3: Sound selection and windowing. a. Portion of a violin sound to be used in the analysis of
the current frame. b. Hamming window. c. Windowed sound.
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Figure 4: Computing the FFT. a. packing of the sound into the FFT buffer for a zero phase spectrum.
b. Magnitude spectrum. c. Phase spectrum.
Since the synthesis process is completely independent from the analysis, the restrictions imposed by
the STFT when the inverse transform is also performed, i.e. that the analysis windows add to a
constant, are unnecessary here. The STFT parameters are more flexible, and we can vary them during
the course of the analysis, if that is required to improve the detection of partials.
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The time-frequency compromise of the STFT has to be well understood. For the deterministic analysis
it is important to have enough frequency resolution to resolve the partials of the sound. For the
stochastic analysis the frequency resolution is not that important, since we are not interested in
particular frequency components, and we are more concerned with a good time resolution. This can be
accomplished by using different parameters for the deterministic and the stochastic analysis.
In stable sounds we should use long windows (several periods) with a good side-lobe rejection (for
example, Blackman-Harris 92dB) for the deterministic analysis. This gives a good frequency
resolution, therefore a good measure of the frequencies of the partials, but most sounds cannot afford
these settings and a compromise is required. In the case of harmonic sounds the actual size of the
window will change as pitch changes, in order to assure a constant time-frequency trade-off for the
whole sound. In the case of inharmonic sounds we should set the window-size depending on the
minimum frequency difference that exists between partials.

6. Peak Detection
Once the spectrum of the current frame is computed, the next step is to detect its prominent magnitude
peaks. Theoretically, a sinusoid that is stable both in amplitude and in frequency (a partial) has a well
defined frequency representation: the transform of the analysis window used to compute the Fourier
transform. It should be possible to take advantage of this characteristic to distinguish partials from
other frequency components. However, in practice this is rarely the case since most natural sounds are
not perfectly periodic and do not have nicely spaced and clearly defined peaks in the frequency
domain. There are interactions between the different components, and the shapes of the spectral peaks
cannot be detected without tolerating some mismatch. Only some instrumental sounds (e.g., the
steady-state part of an oboe sound) are periodic enough and sufficiently free from prominent noise
components that the frequency representation of a stable sinusoid can be recognized easily in a single
spectrum. A practical solution is to detect as many peaks as possible and delay the decision of what is
a deterministic, or “well behaved” partial, to the next step in the analysis: the peak continuation
algorithm.
A “peak” is defined as a local maximum in the magnitude spectrum, and the only practical constraints
to be made in the peak search are to have a frequency range and a magnitude threshold. In fact, we
should detect more than what we hear and get as many sample bits as possible from the original sound,
ideally more than 16. The measurement of very soft partials, sometimes more than 80dB below
maximum amplitude, will be hard and they will have little resolution. These peak measurements are
very sensitive to transformations because as soon as modifications are applied to the analysis data,
parts of the sound that could not be heard in the original can become audible. The original sound
should be as clean as possible and have the maximum dynamic range, then the magnitude threshold
can be set to the amplitude of the background noise floor. To get a better resolution in higher
frequencies, preemphasis can be applied before the analysis, which is then undone during the
synthesis.
Due to the sampled nature of the spectra returned by the FFT, each peak is accurate only to within half
a sample. A spectral sample represents a frequency interval of f s / N Hz, where f s is the sampling
rate and N is the FFT size. Zero-padding in the time domain increases the number of spectral samples
per Hz and thus increases the accuracy of the simple peak detection. However, to obtain frequency
. of the distance from the top of an ideal peak to its first zero crossing (in
accuracy on the level of 01%
the case of a Rectangular window), the zero-padding factor required is 1000 . A more efficient
spectral interpolation scheme is to zero-pad only enough so that quadratic (or other simple) spectral
interpolation, using only samples immediately surrounding the maximum-magnitude sample, suffices
to refine the estimate to .1% accuracy.
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Figure 5: Peak detection. a. Peaks in the magnitude spectrum. b. Peaks in the phase spectrum.
Although we cannot rely on the exact shape of the peak to decide whether it is a partial or not, it is
sometimes useful to have a measure of how close its shape is to the ideal sinusoidal peak. This
measure can be obtained by calculating the difference from the samples of the measured peak to the
samples of the analysis window transform centered at the measured frequency and scaled to the
measured magnitude. This information, plus the frequency, magnitude, and phase of the peak, can help
in the peak continuation process.

7. Pitch Detection
Before continuing a set of peak trajectories through the current frame it is useful to search for a
possible fundamental frequency, that is, for periodicity. If it exists, we will have more information to
work with, and it will simplify and improve the tracking of partials. This fundamental frequency can
also be used to set the size of the analysis window, in order to maintain constant the number of periods
to be analyzed at each frame and to get the best time-frequency trade-off possible. This is called a
pitch-synchronous analysis.
Given a set of spectral peaks, with magnitude and frequency values for each one, there are many
possible fundamental detection strategies (Piszczalski and Galler, 1979; Terhardt, 1982; Hess, 1983;
Doval and Rodet, 1993; Maher and Beauchamp, 1994). For this presentation we restrict ourselves to
single-source sounds and assume that a fundamental peak or one of its first few partials exists. With
these two constraints, plus the fact that there is some number of buffered frames, the algorithm can be
quite simple.
The fundamental frequency can be defined as the common divisor of the harmonic series that best
explains the spectral peaks found in the current frame. The first step is to find the possible candidates
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inside a given range. This can be done by stepping through the range by small increments, or by only
considering as candidates the frequencies of the measured spectral peaks and frequencies related to
them by simple integer ratios (e.g., 1 / 2, 1 / 3, 1 / 4 ) that lie inside the range. This last approach
simplifies our search enormously.
Once the possible candidates have been chosen we need a way to measure the “goodness” of the
resulting harmonic series compared with the actual spectral peaks. A suitable error measure (Maher
and Beauchamp, 1994) is based on the weighted differences between the measured peaks and the ideal
harmonic series (predicted peaks).
The predicted to measured error is defined as:
N

Errp→m = ∑ Eω ( Δf n , f n , an , Amax )
n =1
N

= ∑ Δf n ⋅ ( f n ) − p + (
n =1

[

an
) × qΔf n ⋅ ( f n ) − p − r
Amax

]

where Δ f n is the difference between a predicted and its closest measured peak, f n and an are the
frequency and magnitude of the predicted peaks, and Amax is maximum peak magnitude.
The measured to predicted error is defined as:
K

Errm→ p = ∑ Ew ( Δf k , f k , ak , Amax )
k =1
K

= ∑ Δf k ( f k ) − p + (
k =1

[

ak
) × qΔf k ⋅ ( f k ) − p − r
Amax

]

where Δ f k is the difference between a measured and its closest predicted peak, f k and a k are the
frequency and magnitude of the measured peaks, and Amax is maximum peak magnitude.
The total error is:

Errtotal = Errp→m N + ρErrm→ p K
Maher and Beauchamp propose to use p = 0.5 , q = 14
. and ρ = 0.33 . The harmonic series
. , r = 05
with the smallest error is chosen, and since there is a certain frame memory, the preferred fundamental
in a given frame will be compared with the fundamentals found in the previous ones. If the new
fundamental is very different from the preceding ones it is possible that something is wrong. Either we
are in the middle of a note transition or the new fundamental is not a real one. When this new
fundamental value does not prevail for a few frames it will not be accepted and the frame will be
considered as containing only stochastic data. After a few frames, once it is clear that we were in a
note transition and that we are now in a new note, we can re-analyze the previous frames by setting the
window-size according to the fundamental of the new note. This will improve the measurements in the
preceding frames and their time-frequency trade-off. We can also set the window-size for the next
frame according to it.

8. Peak Continuation
Once the spectral peaks of the current frame have been detected, the peak continuation algorithm adds
them to the incoming peak trajectories. The schemes used in PARSHL (Smith and Serra, 1987) and in
the sinusoidal model (McAulay and Quatieri, 1984; 1986) find peak trajectories both in the noise and
deterministic parts of a waveform, thus obtaining a sinusoidal representation for the whole sound.
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These schemes are unsuitable when we want the trajectories to follow just the partials. For example,
when the partials change in frequency substantially from one frame to the next, these algorithms easily
switch from the partial that they were tracking to another one which at that point is closer.

Figure 6: Peak Continuation process. g represent the guides and p the spectral peaks.
The algorithm described here is intended to track partials in a variety of sounds, although the behavior
of a partial, and therefore the way to track it, varies depending on the signal. Whether we have speech,
a harmonic instrumental tone, a gong sound, a sound of an animal, or any other, the time progression
of the component partials will vary. Thus, the algorithm requires some knowledge about the
characteristics of the sound that is being analyzed. In the current algorithm there is no attempt to make
the process completely automatic and some of the characteristics of the sound are specified through a
set of parameters. The specific parameters used in our implementation will be presented in the
appendix.
The basic idea of the algorithm is that a set of “guides” advances in time through the spectral peaks,
looking for the appropriate ones (according to the specified constraints) and forming trajectories out of
them. Thus, a guide is an abstract entity which is used by the algorithm to create the trajectories and
the trajectories are the actual result of the peak continuation process. The instantaneous state of the
guides, their frequency and magnitude, are continuously updated as the guides are turned on,
advanced, and finally turned off. For the case of harmonic sounds these guides are created at the
beginning of the analysis, setting their frequencies according to the harmonic series of the first
fundamental found, and for inharmonic sounds each guide is created when it finds the first available
peak.
When a fundamental has been found in the current frame, the guides can use this information to update
their values. Also the guides can be modified depending on the last peak incorporated. Therefore by
using the current fundamental and the previous peak we control the adaptation of the guides to the
instantaneous changes in the sound. For a very harmonic sound, since all the harmonics evolve
together, the fundamental should be the main control, but when the sound is not very harmonic, or the
harmonics are not locked to each other and we cannot rely on the fundamental as a strong reference for
all the harmonics, the information of the previous peak should have a bigger weight.
Each peak is assigned to the guide that is closest to it and that is within a given frequency deviation. If
a guide does not find a match it is assumed that the corresponding trajectory must “turn off”. In
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inharmonic sounds, if a guide has not found a continuation peak for a given amount of time the guide
is killed. New guides, and therefore new trajectories, are created from the peaks of the current frame
that are not incorporated into trajectories by the existing guides. If there are killed or unused guides, a
new guide can be started. A guide is created by searching through the “unclaimed” peaks of the frame
for the one with the highest magnitude. Once the trajectories have been continued for a few frames, the
short ones can be deleted and trajectories with small gaps can be filled by interpolating the edges of
the gaps.
The attack portion of most sounds is quite “noisy”, and the search for partials is harder in such rich
spectra. A useful modification to the analysis is to perform it backwards in time. The tracking process
encounters the end of the sound first, and since this is a very stable part in most instrumental sounds,
the algorithm finds a very clear definition of the partials. When the guides arrive at the attack, they are
already tracking the main partials and can reject non-relevant peaks appropriately, or at least evaluate
them with some acquired knowledge.
The peak continuation algorithm presented is only one approach to the peak continuation problem.
The creation of trajectories from the spectral peaks is compatible with very different strategies and
algorithms; for example, hidden Markov models have been applied (Garcia, 1992; Depalle, Garcia and
Rodet, 1993). An N Markov model provides a probability distribution for a parameter in the current
frame as a function of its value across the past N frames. With a hidden Markov model we are able to
optimize groups of trajectories according to a defined criteria, such as frequency continuity. This type
of approach might be very valuable for tracking partials in polyphonic sounds and complex
inharmonic tones. In particular, the notion of “momentum” is introduced, helping to properly resolve
crossing fundamental frequencies.

9. Stochastic Analysis
The deterministic component is subtracted from the original sound either in the time domain or in the
frequency domain. This results in a residual sound on which the stochastic approximation is
performed. It is useful to study this residual in order to check how well the deterministic component
has been properly subtracted and therefore analyzed. If partials remain in the residual, the stochastic
analysis models them as filtered noise and it will not sound good. In this case we should re-analyze the
sound until we get a good enough residual, free of deterministic components. Ideally the resulting
residual should be as close as possible to a stochastic signal. If the sound was not recorded in the ideal
situation, the residual will also contain more than just the stochastic part of the sound, such as
reverberation or background noise.
To model the stochastic part of sounds, such as the attacks of most percussion instrument, the bow
noise in string instruments, or the breath noise in wind instruments, we need a good time resolution
and we can give up some frequency resolution. The deterministic component cannot maintain the
sharpness of the attacks, because, even if a high frame-rate is used we are forced to use a long enough
window, and this size determines most of the time resolution. When the deterministic subtraction is
done in the time domain, the time resolution in the stochastic analysis can be improved by redefining
the analysis window. The frequency domain approach implies that the subtraction is done in the
spectra computed for the deterministic analysis, thus the STFT parameters cannot be changed (Serra,
1989).
In order to be able to perform a time domain subtraction, the phases of the original sound have to be
preserved, this is the reason for calculating the phase of each spectral peak. But to generate a
deterministic signal that preserves phases is computationally very expensive, as will be shown later. If
we stay in the frequency domain, phases are not required and the subtraction of the spectral peaks
from the original spectra, the ones that belong to partials, is simple. While the time domain subtraction
is more expensive, the results are sufficiently better to to favor this method. This is done by first
synthesizing one frame of the deterministic component which is then subtracted from the original
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sound in the time domain. The magnitude spectrum of this residual is then computed and
approximated with an envelope. The more coefficients we use, the better the modeling of the
frequency characteristics will be.
Since it is the deterministic signal that is subtracted from the original sound, measured from long
windows, the resulting residual signal might have the sharp attacks smeared. To improve the stochastic
analysis, we can “fix” this residual so that the sharpness of the attacks of the original sound are
preserved. The resulting residual is compared with the original waveform and its amplitude re-scaled
whenever the residual has a greater energy than the original waveform. Then the stochastic analysis is
performed on this scaled residual. Thus, the smaller the window the better time resolution we will get
in the residual. We can also compare the synthesized deterministic signal with the original sound and
whenever this signal has a greater energy than the original waveform it means that a smearing of the
deterministic component has been produced. This can be fixed a bit by scaling the amplitudes of the
deterministic analysis in the corresponding frame by the difference between original sound and
deterministic signal.
Most of the problems with the residual, thus with the stochastic analysis, is in the low frequencies. In
general there is more energy at low frequencies that there should be. Since most of the stochastic
components of musical sounds mainly contain energy at high frequencies, a fix to this problems is to
apply a high-pass filter to the residual before the stochastic approximation is done.
Once the analysis is finished we can still do some post-processing to improve the data. For example, if
we had a “perfect” recording and a “perfect” analysis, in percussive or plucked sounds there should be
no stochastic signal after the attack. Due to errors in the analysis or to background noise, the stochastic
analysis might have detected some signal after this attack. We can delete or reduce this stochastic
signal appropriately after the attack.

Next we describe the two main steps involved in the stochastic analysis; the synthesis and subtraction
of the deterministic signal from the original sound, and the modeling of the residual signal.

10. Deterministic Subtraction
The output of the peak continuation algorithm is a set of peak trajectories updated for the current
frame. From these trajectories a series of sinusoids can be synthesized which reproduce the
instantaneous phase and amplitude of the partials of the original sound. Thus, it is possible to subtract
the synthesized sinusoids from the original sound and obtain a residual which is substantially free of
the deterministic part.
One frame of the deterministic part of the sound, d (m) , is generated by

d (m) =

R

∑ A$
r =1

r

cos[ m ω$ r + ϕ$ r ] ,

m = 0,1,2 ,..., S − 1

where R is the number of trajectories present in the current frame and S is the length of the frame. To
avoid “clicks” at the frame boundaries, the parameters ( A$r , ω$r , ϕ$r ) are smoothly interpolated from
frame to frame.
Let ( A$r( l −1) , ω$r( l −1) , ϕ$r( l −1) ) and ( A$rl , ω$rl , ϕ$rl ) denote the sets of parameters at frames l − 1 and l for the
r th frequency trajectory (we will simplify the notation by omitting the subscript r ). These parameters
are taken to represent the state of the signal at time S (the left endpoint) of the frame.
The instantaneous amplitude A$ (m) is easily obtained by linear interpolation,
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( A$ l − A$ l−1 )
l −1
$
$
A(m) = A +
m
S
where m = 0,1,..., S − 1 is the time sample into the l th frame.
Frequency and phase values are tied together (frequency is the phase derivative), and both control the
instantaneous phase θ$ (m) , defined as

θ$(m) = mω$ + ϕ$
Given that four variables affect the instantaneous phase: ω$ ( l −1) , ϕ$ ( l −1) , ω$ , and ϕ$ , we need three
degrees of freedom for its control, but linear interpolation gives only one. Therefore, we need a cubic
polynomial as an interpolation function,

θ$ (m) = ξ + κm + ηm2 + ιm3
It is unnecessary to go into the details of solving this equation since they are described by McAulay
and Quatieri (McAulay and Quatieri, 1986). The result is

θ$ (m) = ϕ ( l−1) + ω$ ( l −1) m + ηm2 + ιm3
where η and ι are calculated using the end conditions at the frame boundaries,

η=

3 l
1
$ $ l −1 − ω$ l −1S + 2πM ) − (ω$ l − ω$ l −1 )
2 (ϕ − ϕ
S
S

ι=−

2 l
1
$ $ l −1 − ω$ l −1S + 2πM ) − 2 (ω$ l − ω$ l −1 )
3 (ϕ − ϕ
S
S

This gives a set of interpolating functions depending on the value of M , among which we select the
maximally smooth function. This is done by choosing M to be the integer closest to x , where x is

x=

1 ⎡ l −1
S
⎤
(⎣ ϕ$ + ω$ l−1S − ϕ$ l ) + ( ω$ l − ω$ l−1) ⎥⎦
⎢
2π
2

Finally, the synthesis equation for frame l becomes
Rl

d (m) = ∑ A$rl ( m) cos[θ$rl ( m) ]
l

r =1

which goes smoothly from the previous to the current frame with each sinusoid accounting for both
the rapid phase changes (frequency) and the slowly varying phase changes.
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Figure 7: Deterministic subtraction. a. original sound. b. deterministic synthesis. c. residual sound.

The synthesized deterministic component can be subtracted from the original sound in the time
domain by

e( n) = w( n) × ( s( n) − d ( n) )

n = 0,1,..., N − 1

where e( n) is the residual, w( n) a smoothing window, s( n) the original sound, d ( n) the deterministic
component, and N the size of the window. We already have mentioned that it is desirable to set
N smaller than the window-size used in the deterministic analysis in order to improve the time
resolution of the residual signal. While in the deterministic analysis the window-size was chosen large
enough to obtain a good partial separation in the frequency domain, in the deterministic subtraction we
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are especially looking for good time resolution. This is particularly important in the attacks of
percussion instruments.
Tests on this residual can be performed to check whether the deterministic plus stochastic
decomposition has been successful (Serra, 1994a). Ideally the resulting residual should be as close as
possible to a stochastic signal. Since the autocorrelation function of white noise is an impulse, a
measure of correlation relative to total power could be a good measure of how close we are to white
noise,

∑

L−1

c=

r( l )
( L − 1) r( 0)
l =0

where r ( l ) is the autocorrelation estimate for L lags of the residual, and c will be close to 0 when the
signal is stochastic. A problem with this measure is that it does not behave well when partials are still
left in the signal; for example, it does not always decrease as we progressively subtract partials from a
sound. A simpler and sometimes better indication of the quality of the residual is to measure the
energy of the residual as a percentage of the total sound energy. Although a problem with this measure
is that it cannot distinguish subtracting partials from subtracting noise, and its value will always
decrease as long as we subtract some energy, it is still a practical measure for choosing the best
analysis parameters.
This sound decomposition is useful in itself for a number of applications. The deterministic
component is a set of partials, and the residual includes noise and very unstable components of the
sound. This technique has been used (Chafe, 1990; Schumacher and Chafe, 1990) to study bow noise
in string instruments and breath noise in wind instruments. In general, this decomposition strategy can
give a lot of insight into the makeup of sounds.
The residual component is the part of the instrumental sounds that the existing synthesis techniques
have a harder time reproducing, and it is especially important during the attack. A practical application
would be to add these residuals to synthesized sounds in order to make them more realistic. Since
these residuals remain largely invariant throughout most of the instrumental range, only a few
residuals would be necessary to cover all the sounds of a single instrument.

11. Stochastic Approximation
One of the underlying assumptions of the current model is that the residual is a stochastic signal. Such
an assumption implies that the residual is fully described by its amplitude and its general frequency
characteristics. It is unnecessary to keep either the instantaneous phase or the exact spectral shape
information. Based on this, a frame of the stochastic residual can be completely characterized by a
filter, i.e., this filter encodes the amplitude and general frequency characteristics of the residual. The
representation of the residual for the overall sound will be a sequence of these filters, i.e., a timevarying filter.
The filter design problem is generally solved by performing some sort of curve fitting in the
magnitude spectrum of the current frame (Strawn, 1980; Sedgewick, 1988). Standard techniques are:
spline interpolation (Cox, 1971), the method of least squares (Sedgewick, 1988), or straight line
approximations (Phillips, 1968). For our purpose a simple line-segment approximation to the logmagnitude spectrum is accurate enough and gives the desired flexibility.
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Figure 8: Stochastic approximation from the sound in Fig. 7. a. Original spectrum. b. Residual
spectrum and its line-segment approximation.

One way to carry out the line-segment approximation is to step through the magnitude spectrum and
find local maxima in each of several defined sections, thus giving equally spaced points in the
spectrum that are connected by straight lines to create the spectral envelope. The accuracy of the fit is
given by the number of points, and that can be set depending on the sound complexity. Other options
are to have unequally spaced points, for example, logarithmically spaced, or spaced according to
perceptual criteria.
Another practical alternative is to use a type of least squares approximation called linear predictive
coding, LPC (Makhoul, 1975; Markel and Gray, 1976). LPC is a popular technique used in speech
research for fitting an nth-order polynomial to a magnitude spectrum. For our purposes, the linesegment approach is more flexible than LPC, and although LPC results in less analysis points, the
flexibility is considered more important.

12. Representation of the Analysis Data
The output of the deterministic analysis is a set of amplitude and frequency functions with one
breakpoint for every frame. From these functions a series of sinusoids can be synthesized which
reproduce the deterministic part of the sound. The phase trajectories are not kept because they are
unnecessary in the final synthesis, they are perceptually irrelevant in most cases, and they make it
harder to perform modifications. However, we have found some situations in which the preservation
of phases has made a difference in the quality of the resynthesis. These are: badly analyzed sounds,
very low instrumental tones, and some vocal sounds. In the case of badly analyzed sounds, some of the
trajectories may actually be tracking non-deterministic parts of the signal, in which case the phase of
17
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the corresponding peaks is important to recover the noisy characteristics of the signal. In the case
when the analyzed sound has a very low fundamental, maybe lower than 30 Hz, and the partials are
phase-locked to the fundamental, the period is perceived as a pulse and the phase of the partials is
required to maintain this perceptual effect. Also in the case of some vocal sounds, the higher partials
have a high degree of modulation that cannot be completely recovered from the frequency and
magnitude information of the partials, but that seems to be maintained when we add the phases of the
peaks.

Figure 9: Analysis representation of a vocal sound. a. Deterministic frequencies. b. Deterministic
magnitudes.
The resulting amplitude and frequency functions can be further processed to achieve a data reduction
of the representation or to smooth the functions. A data reduction strategy is to perform a line-segment
approximation on each function, thus reducing the number of breakpoints (Grey, 1975; Strawn, 1980).
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For the purpose of easy manipulation of the representation it is useful to have equally spaced points
along each function, and thus it may be better to keep one breakpoint per frame as returned by the
analysis, unless data reduction is a priority. Another alternative for data reduction is to combine
groups of similar functions into a single one, thus reducing the number of functions (Laughlin et alt.,
1990).
The stochastic analysis returns an envelope for every frame. These envelopes can either be interpreted
as a series of envelopes or frequency-shaping filters, one per frame, or as time-varying, equally spaced
band-pass filters, each one centered at each breakpoint. It is convenient to normalize these envelopes
by dividing them by their average magnitude so that we can control the spectral shape of the noise
independently of its time-varying magnitude.

Figure 10: Analysis representation of a vocal sound. a. Stochastic magnitude. b. Stochastic
coefficients.
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12. Modifications of the Analysis Data
One of the main considerations in setting the analysis parameters is the potential for manipulating the
resulting representation. For this goal, we would like to have a representation with a small number of
partials and stochastic coefficients, and each of the functions (amplitudes and frequencies for the
partials, gain and coefficients for the noise) should be as smooth as possible. In most cases there will
be a compromise between perceptual identity from the original sound versus flexibility of the
representation. Depending on the transformation desired this will be more or less critical. If we only
want to stretch the sound a small percentage or transpose it a few Hz this will not be an issue. But
when drastic changes are applied, details that were not heard in the straight resynthesis will become
prominent and many of them will be perceived as distortion. For example, whenever the amplitude of
a very soft partial is increased or its frequency transposed, since its measurements where not very
accurate, the measurement errors that were not heard in the straight resynthesis, will probably come
out.
The representation resulting from the analysis is very suitable for modification purposes, permitting a
great number of sound transformations. For example, time-scale modifications are accomplished by
resampling the analysis points in time and results in slowing down or speeding up the sound while
maintaining pitch and formant structure. Due to the stochastic and deterministic separation, this
representation is more successful in time-scale modifications than other spectral representations. With
it, the noise part of the sound remains “noise” no matter how much the sound is stretched, which is not
true with a sinusoidal representation.
In the deterministic representation each function pair, amplitude and frequency, accounts for a partial
of the original sound. The manipulation of these functions is easy and musically intuitive. All kinds of
frequency and magnitude transformations are possible. For example, the partials can be transposed in
frequency, with different values for every partial and varying during the sound. It is also possible to
decouple the sinusoidal frequencies from their amplitude, obtaining effects such as changing pitch
while maintaining formant structure.
The stochastic representation is modified by changing the shape of each of the envelopes and the timevarying magnitude, or gain. Changing the envelope shape corresponds to a filtering of the stochastic
signal. Their manipulation is much simpler and more intuitive than the manipulation of a set of allpole filters, such as those resulting from an LPC analysis.
Interesting effects are accomplished by changing the relative amplitude of the two components, thus
emphasizing one or the other at different moments in time. However we have to realize that the
characterization of a single sound by two different representations, which are not completely
independent, might cause problems. When different transformations are applied to each representation
it is easy to create a sound in which the two components, deterministic and stochastic, do not fuse into
a single entity. This may be desirable for some musical applications, but in general it is avoided, and
requires some practical experimentation with the actual representations.
One of the most impressive transformations that can be done is by interpolating the data from two or
more analysis files, creating the effect of “sound morphs” or “hybrids” (Serra, 1994b). This is most
successful when the analysis of the different sounds to be hybridized where done as harmonic and all
the functions are very smooth. By controlling how the interpolation process is done on the different
parts of the representation and in time, a large number of new sounds will result. This type of sound
processing has been traditionally called cross-synthesis, nevertheless a more appropriate term would
be sound hybridization. With this spectral modeling method we can actually explore the timbre space
created by a set of sounds and define paths to go from one sound to another.
The best analysis/synthesis computation is generally considered the one that results in the best
perceptual identity with respect to the original sound. Once this is accomplished, transformations are
performed on the corresponding representation. For musical applications, however, this may not be
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always desirable. Very interesting effects result from purposely setting the analysis parameters
“wrong”. We may, for example, set the parameters such that the deterministic analysis only captures
partials in a specific frequency range, leaving the rest to be considered stochastic. The result is a sound
with a much stronger noise component.
Although this representation is powerful and many musically useful transformations are possible, we
can still go further in the direction of a musically powerful representation based on analysis. The goal
is to be able to control the perceptually relevant musical parameters of a sound, and the current
representation is still far from that. Steps in this direction consist on extracting parameters, such as
spectral shape, vibrato, overall amplitude and frequency evolution, from the current representation.
These parameters can be extracted, modified and added back into the analysis data before the synthesis
is done, without any degradation of the resulting sound. This process is easily implemented when the
input sound is a single note, in which case the musical parametrization can be quite complete. Figure
11 shows a block diagram of the steps that should be done, but a discussion of the details involved in
each of the steps is beyond this presentation.

13. Deterministic Synthesis
The deterministic component is generated with additive synthesis, similar to the sinusoidal synthesis
that was part of the analysis, with the difference that now the phase trajectories are discarded. By not
considering phase, this synthesis can either be done in the time domain or in the frequency domain.
We will first present the more traditional time domain implementation.
The instantaneous amplitude A$ ( m) of a particular partial is obtained by linear interpolation,

( A$ l − A$ l−1 )
A$ (m) = A$ l −1 +
m
S
where m = 0,1,..., S − 1 is the time sample in the l th frame.
The instantaneous phase is taken to be the integral of the instantaneous frequency, where the
instantaneous radian frequency ω$ ( m) is obtained by linear interpolation,

ω$ ( m) = ω$

l −1

+

( ω$ l − ω$ l−1)
S

m

and the instantaneous phase for the rth partial is

θ$r ( m) = θ$r ( l − 1) + ω$ r ( m)
Finally, the synthesis equation becomes
Rl

[

d (m) = ∑ A$rl ( m) cos θ$rl ( m)
l

r =1

]

where A$ ( m) and θ$( m) are the calculated instantaneous amplitude and phase.
A very efficient implementation of additive synthesis, when the instantaneous phase is not preserved,
is based on the inverse-FFT (Rodet and Depalle, 1992; Goodwin and Rodet, 1994). While this
approach looses some of the flexibility of the traditional oscillator bank implementation, specially the
instantaneous control of frequency and magnitude, the gain in speed is significant. This gain is based
on the fact that a sinusoid in the frequency domain is a sinc-type function, the transform of the
window used, and on these functions not all the samples carry the same weight. To generate a sinusoid
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in the spectral domain it is sufficient to calculate the samples of the main lobe of the window
transform, with the appropriate magnitude, frequency and phase values. We can then synthesize as
many sinusoids as we want by adding these main lobes in the FFT buffer and performing an IFFT to
obtain the resulting time-domain signal. By an overlap-add process we then get the time-varying
characteristics of the sound.
The synthesis frame rate is completely independent of the analysis one. In the implementation using
the IFFT we want to have a high frame rate, so that there is no need to interpolate the frequencies and
magnitudes inside a frame. As in all short-time based processes we have the problem of having to
make a compromise between time and frequency resolution. The window transform should have the
fewest possible significant bins since this will be the number of points to generate per sinusoid. A
good window choice is the Blackman-Harris 92dB because its main lobe includes most of the energy.
However the problem is that such a window does not overlap perfectly to a constant in the time
domain. A solution to this problem (Rodet and Depalle, 1992) is to undo the effect of the window by
dividing by it in the time domain and applying a triangular window before performing the overlap-add
process. This will give a good time-frequency compromise.

14. Stochastic Synthesis
The synthesis of the stochastic component can be understood as the generation of a noise signal that
has the frequency and amplitude characteristics described by the spectral envelopes of the stochastic
representation. The intuitive operation is to filter white noise with these frequency envelopes, that is,
performing a time-varying filtering of white noise, which is generally implemented by the timedomain convolution of white noise with the impulse response of the filter. But in practice, the easiest
and most flexible implementation is to generate the stochastic signal by an inverse-FFT of the spectral
envelopes. As in the deterministic synthesis, we can then get the time-varying characteristics of the
stochastic signal by an overlap-add process.

Figure 11: Extraction of musical parameters from the analysis representation of a single note of an
instrument.
Before the inverse-FFT is performed, a complex spectrum (i.e., magnitude and phase spectra), has to
be obtained from each frequency envelope. The magnitude spectrum is generated by linear
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interpolating the spectral envelope to a curve of length N / 2 , where N is the FFT-size, and
multiplying it by the average magnitude, gain, that was extracted in the analysis. There is no phase
information in the stochastic representation, but since the phase spectrum of noise is a random signal,
the phase spectrum can be created with a random number generator. To avoid a periodicity at the
frame rate, new values are generated at every frame.
By using the IFFT method for both the deterministic and the stochastic synthesis it could be possible
to use a single IFFT to generate both components. That is, adding the two spectra in the frequency
domain and computing the IFFT once per frame. The problem to be solved is that in the noise
spectrum there has not been any window applied and in the deterministic synthesis we have used a
Blackman-Harris 92dB. Therefore we should apply this window in the noise spectrum before adding it
to the deterministic spectrum. This would imply to convolve the transform of the Blackman-Harris
92dB by the noise spectrum, but with this operation there is no speed gain compared with performing
the two IFFT separate and adding the deterministic and stochastic components in the time domain.
This could be simplified by only convolving the most significant bins of the window transform.

15. Conclusions
Modeling sounds by their time-varying spectral characteristics is a well known powerful tool. But only
a few of the possible approaches are musically useful. Our discussion has been focused by the musical
goal of getting a general and intuitive sound representation based on analysis, from which we can
manipulate musical parameters while maintaining the perceptual identity with the original sound when
no transformations are made. The sinusoids plus noise, or deterministic plus stochastic, model gives us
a powerful starting point in this direction with many musical applications and possibilities for further
development. In this article we have presented the basic concepts involved in obtaining this
representation and we have discussed ways to transform and synthesize sounds from the analyzed
data.
An interesting direction in which to continue the work on spectral modeling using the sinusoids plus
noise model is to go beyond the representation of single sounds and towards the modeling of entire
timbre families. Such as all the sounds generated with an acoustic instrument. Thus, being able to
represent their common characteristics by a common set of data and keeping separate only the
perceptual differences. As part of this process it is also important to model the articulation between
notes, so that we can generate expressive phrasing based also on analysis. The result is a powerful
synthesis technique that has both the sound identity properties of sampling and the flexibility of FM.
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